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Fig. 1 Temperature contours in nozzle section.
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Fig. 2 Convergence characteristics for line relaxation applied to the
arc jet flowfield.

Summary
A solution strategy for solving the compressible Navier-Stokes

equations applied to supersonic internal flows has been presented.
The implicit time-integration scheme consists of line relaxation writ-
ten in terms of primitive variables. The linearized terms are a simple
approximation of the flux splitting used to discretize the spatial con-
servation laws. The linearized implicit terms are constructed from
central differencing with artificial dissipation. A matrix scaling term
is introduced for the implementation of the artificial dissipation in
the convective terms. The implicit scheme is effective in propagat-
ing shocks and handling interactions with the internal viscous flow
features found in an arc-heated plasma jet reactor. Future efforts
are directed toward investigating time preconditioning to enhance
convergence in the large regions of low Mach number flow.
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I. Introduction

A N open problem in the simulation of supersonic flows is the
capture of shocks that are, in general, oblique with respect to

grid lines. Especially for upwind-biased algorithms, the use of a
collection of one-dimensional operators in two or three dimensions
produces poor results because of the wrong choice in the direction
of propagation of the characteristic variables. The fault in the do-
main of dependence is easy to understand by examining a shock
oblique to the mesh. With the grid-dependent schemes, the velocity
component in one of the grid directions may be subsonic upstream
of the shock, and the numerical information can propagate non-
physically in the upstream region, reducing the shock resolution.
The spreading of the discontinuity would be reduced if a new mesh,
orthogonal to the shock, was employed. This forms the basis of
the so-called rotated upwind formulation, which attempts to repro-
duce an orthogonal shock situation without actually changing the
mesh. The development of this grid-independent approach has led
to a family of very promising schemes.1 The concept of rotating
the numerical scheme to follow the physical properties of the flow
was introduced by Jameson2 to solve the full potential equation.
Roe1 addressed the problem of solving a multidimensional hyper-
bolic system, and encouraging applications to the Euler equations
have been obtained by Van Leer et al.3 and Dadone and Grossman.4
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Recently, Paillere et al.5 introduced a new grid-independent scheme
based on a conservative linearization of the Euler equations.

Our aim is to introduce some concepts related to the upwind mul-
tidimensional schemes into a standard central method.6 We present
a new approach to rotated differencing that is simple and efficient in
terms of computational efforts. The basic idea is, first, to compute
the standard grid-aligned flux (advection + artificial dissipation)
and, finally, to use a correction that is rotated with respect to the
grid and aligned with the direction normal to the shock wave. In
this way, we can use any grid-aligned scheme and obtain a better
description of oblique discontinuities.

The application of this new approach to a standard supersonic
inviscid test case (compression ramp) is presented here, showing a
significant improvement in the accuracy with respect to the grid-
aligned method. The computational cost is only slightly increased
because of the calculation of the shock inclination and the new
rotated term, without affecting the convergence behavior.

II. New Rotated Dissipation Operator
We are interested in the solution of the Euler equations govern-

ing the motion of a steady, compressible, nonviscous gas. Given a
structured grid, the spatial discretization is obtained by using a finite
volume approach. We present a simple introduction of the standard
central discretization; a detailed description of the algorithm can be
found in Ref. 6. The physical convective flux through a cell interface
is approximated by a summation of a numerical convective contri-
bution (based on the average of the flow states at both sides of the
interface) and an artificial dissipative term. The latter is made up of
two contributions. The first one is a third-order term providing a low
background level of dissipation sufficient to prevent odd-even de-
coupling; furthermore, to capture shock waves without overshoots,
an additional first-order operator is added locally by a sensor de-
signed to detect pressure jumps. This dissipative term makes the
scheme equivalent to a first-order upwind discretization at a shock.7

The artificial dissipative flux across the interface (i, i + 1) is

D i = DGA! = R\€(2) -€(4)82](Ui + i -Ut) (1)

where n, is the vector of conservative variables in the cell /, <52 is
the second-order central-difference operator, e(2) and £(4) are adap-
tive dissipative coefficients (switched by the shock sensor), and R
is a scaling factor made proportional to the spectral radius of the
local Jacobian matrix. The time integration is based on a multistage
Runge-Kutta scheme with local time-stepping preconditioning and
an elliptic implicit residual smoothing formulation.6

Smooth flows are well described by using the third-order dissipa-
tive contribution. On the other hand, the accuracy near shock waves
only depends on the first-order term [the difference scaled by the co-
efficient €(2) in Eq. (1)]. This contribution was recently changed by
Swanson and Turkel7 to increase shock sharpness. Here, we present
a different modification addressed to an improvement of oblique
shock resolution.

The new dissipative operator has been developed according to
the following design criteria: normal and oblique shocks have to
be captured with the same accuracy; the new scheme must reduce
to the basic one for grid-aligned shocks (consistency); the new ap-
proach must be effective both in terms of computational cost and
convergence performance; the flux conservation must be ensured.

The first step is the practical detection of the direction of upwind-
ing; we used the local pressure gradient.

Once the new direction has been determined, the successive step
in the classic rotated approach is to evaluate the two fluxes in the
dominant (upwind) and minor directions (DD and DM), and then to
compute the total dissipative flux through the considered interface:

, = DD cos(£) + DM sin(j0) (2)

where ft is the angle between the dominant direction and the direc-
tion normal to the cell face (see Fig. 1). In the present approach the
minor dissipation is neglected since along a shock wave the flow is
continuous and the new operator can be expressed as

where RTOt is the spectral radius of the Jacobian matrix based on the
velocity normal to the shock wave.

To avoid interpolation procedures, we follow the approach out-
lined previously4 and introduced to compute the rotated fluxes via
a Riemann solver. It consists of choosing, for example, k+\ coin-
cident with (i + 1, j) or (i + 1, j — 1) with reference to Fig. 1 on
the basis of the value of angle ft.

To use this formulation in a standard approach, we have designed
a correction term that, in conjuction with the basic dissipation, ap-
proximates the new rotated operator. Hence, the original scheme
can be upgraded by using

-uk)cos(ft) (4)

where A/? is (Rrot - R).
Note that this modification preserves the original nature of the

switch between first- and third-order dissipation, and the rotated
differencing is just enabled near the shock waves. The main result
of such a procedure is to preserve the original convergence properties
of the scheme mainly influenced by the third-order dissipative term.

III. Results
The selected test has been proposed by Van Leer.1 It consists of

a supersonic channel flow (Machiniet = 2) dominated by a shock
wave reflected twice by the walls. The algebraic grid is made up of
96x32 cells.

We performed the flow calculations by using the standard central
scheme and the new rotated central scheme.

In Fig. 2, the iso-Mach contours (AM = 0.05) are presented.
These results also can be compared with computations performed
previously.1 The analysis of this figure shows that there is a signifi-
cant improvement in the oblique shock resolution by employing the
new rotated dissipation. The reflection of the wave on the walls does
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Fig. 1 Shock-aligned frame.
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Fig. 2 Supersonic ramp, iso-Mach lines (AM = 0.05).
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Fig. 3 Supersonic ramp, Mach number distribution at middle height
of the channel.

not produce excessive smearing. This interesting property is fully
exploited by analyzing Fig. 3 where the Mach-number distributions
at middle height of the channel are presented. To assess the accuracy
of the new procedure, we compare the results with the calculation
performed with the standard scheme on a very fine grid (192 x 64
cells).

The standard central scheme (Fig. 2a) smears the first oblique
shock as it approaches the upper wall. There is a large increase
of the spreading in the resolution of the second and third reflected
shocks. The introduced diffusion destroys the normal shock on the
upper surface, and an oblique reflection practically occurs (there is
no subsonic zone downstream of the shock). The shock thickness is
reduced and shock reflections are better defined by using the new
rotated scheme (Fig. 2b).

These improvements are clearly presented in Fig. 3. Sharp shocks
are computed by the rotated technique and compared to the highly
spread discontinuities of the standard central approach. This result
is attributable to the resolution of shocks that are described by two
inner cells, i.e., the same accuracy obtainable in case of grid-aligned
discontinuities. The shock thickness is now comparable with the
solution obtained by using the standard scheme over the refined grid.

As mentioned, the plots of Fig. 2 can be directly compared with
previous results.1 The reported scheme is a first-order rotated up-
wind that uses two Riemann solutions (in the dominant and in the
minor directions) to build up the numerical dissipation. The flow-
angle direction used in this case is the velocity magnitude gradient,
but because of the numerical noise in regions of uniform flow (con-
vergence halts at some error level), this has been limited.1 That
solution is comparable to that obtained with the present central ro-
tated scheme, which is much simpler and more robust.
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Introduction

QUASI-ONE-DIMENSIONAL simulations have been shown
to provide quite detailed information about the transient gas-

dynamics occurring in reflected-mode shock tunnels.1-2 These mod-
els do well in describing the compression process within a free-
piston shock tube driver and also in computing the trajectory of the
shock wave within a shock tube.1 However, the speed of the contact
surface is usually incorrect because typical boundary-layer models
do not redistribute the mass from the core flow to the walls. In quasi-
one-dimensional formulations, this can be done by implementing a
mass-loss model to the core flow.

Tani et al.2 apply a mass-loss model to a quasi-one-dimensional
formulation by using a simple displacement thickness model. Only
qualitative agreement was found as the boundary-layer thickness
was underestimated for strong shock waves. More sophisticated ap-
proaches such as those of Sharma and Wilson3 use axisymmet-
ric, two-dimensional simulations of the unsteady Navier-Stokes
equations to investigate laminar boundary-layer shock tube flow.
Although these methods give satisfactory results, the required com-
putational effort is high, even for the simple shock tube cases they
simulate. Conversely, quasi-one-dimensional codes are an attractive
tool for engineering design because of their lower computational re-
quirements. Including a mass-loss model for accurate test time and
shock speed predictions would provide a useful tool for the designer
of shock and expansion tubes where knowledge of the contact sur-
face trajectory is important. Here, it is assumed the test time is the
difference between the times of arrival of the contact surface and
the shock wave at the measuring station.

Mirels4 has provided an approximate analytical solution to the
shock tube boundary-layer problem. In this case, a steady solu-
tion was obtained by assuming that the shock and contact surface
had reached their equilibrium positions (i.e., mass flow through the
shock front equals mass loss into the boundary layer). This approach
gave a solution where the shock speed was independent of the fill
pressure. However, for design purposes Mirels' model requires a
knowledge of the physical performance of the particular shock tube
driver in question. Still, Mirels' results showed that power-law ve-
locity profiles in integral type analyses could be used to describe the
boundary layer in a shock tube.

In this Note a quasisteady mass-entrainment model for shock
tube boundary layers, specifically for use in quasi-one-dimensional
codes, is described. Using this model, we calculate shock tube test
times for the turbulent regime.
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